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Department of Computer Science, University of Rhode Island,
Kingston, RI 02881, U.S.A.
We have developed a unique computational environment for use in teaching introductory
mathematics. Our system, called Newton, runs on Macintosh computers and consists
of a user-friendly interface to the symbolic mathematics package Maple, supplemented
by an extensive library of our own Maple code. Formulas are easily constructed and
modied, appearing like those in textbooks; multiple windows allow users to see and
work with several formulas at once. Formulas, graphs, and text can be intermixed in
collapsible sections on worksheets. Users do not interact with Maple directly and need
know nothing of Maple’s syntax and command structure. Mathematical operations are
selected from menus, with the added bonus that this makes it possible to document
solutions. Originally designed for use in conjunction with the two semester introductory
calculus sequence, the system has been extended for multivariate and vector calculus,
linear algebra, numerical analysis, and dierential equations.
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1. Introduction
In recent years there has been much interest in incorporating computers into the teach-
ing of college-level mathematics, particularly in the use of computer algebra systems in
introductory calculus. While educators believe that computer algebra systems present
new opportunities for teaching and learning calculus, the limitations of such software
have often made them dicult to use in the classroom.
Current computer algebra systems have been designed primarily to assist experts in
doing mathematics, rather than as an aid for teaching mathematics. This has several
adverse consequences. First, students must learn a new and unfamiliar language in or-
der to interact with the machine. The calculus curriculum is already overcrowded and
teaching a computer language to students takes away valuable class time. Additionally,
since students learn only a small fraction of such a language, they encounter unexpected
results when portions of the system with which they are unfamiliar are brought into play.
Another diculty is that existing algebra systems are designed to provide answers and
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not to show how these solutions are obtained. The procedures used are seldom those
employed by students. Moreover, the systems tend not to provide the kinds of operations
that students employ in stepping through the solutions to calculus problems.
The editors of existing computer algebra systems pose yet another obstacle for begin-
ners. Many were designed originally for use with terminals, rather than for the multiple
window workstation environments that are commonplace today. Formulas are generally
entered as a linear sequence of characters. In Maple (Char et al., 1991a), for example, the
text string int(1/(x^2*sqrt(1+x^2)),x) is input for
R
1
x2
p
1+x2
dx. This is both cum-
bersome and notationally awkward. Users must be careful to balance parentheses and to
avoid typing errors. One minor mistake will result in a syntax error, often accompanied
by a cryptic error message.
Although all current systems produce output that is prettyprinted in two-dimensional
form, these formulas cannot be intermixed easily with input in most instances. It is
also dicult, if not impossible, to extract portions of expressions already entered or
computations produced by the system. For example, the op function in Maple is obscure
and requires knowledge of the way formulas are stored. If − sinx2 is the current formula,
x2 is accessed by op(op(2,")). The user must know that the expression is stored as −1
times sinx. All of this can be frustrating for students.
2. An Overview of NEWTON
In an attempt to address some of these issues, we began in 1989 to construct a system
that would be easy for introductory calculus students to learn and use. Since writing a
computer algebra system is an enormous undertaking, we elected to start with an existing
engine, Maple, for the underlying computation. Maple may be regarded as having three
principal components: (1) a kernel which performs the algebraic manipulation, (2) an
extensive library of mathematical functions, and (3) a user interface. Our system, called
Newton, incorporates the rst two components but provides a distinctive user interface
for the Macintosh computer. In addition, the Maple library (Char et al., 1991b) has
been supplemented with an extensive library of our own Maple code to provide desired
mathematical functionality and pedagogical features.
Since Newton was designed specically for educational use, a driving motivation
behind its design was to enable a student to become as productive as possible in a
short period of time. We faced the goal of allowing students access to the power of a
computer algebra system without having to master its complex syntax, semantics, and
idiosyncrasies. To accomplish this, we provided the student with an easy-to-use interface
that uniquely combines some innovative features found in other systems with many new
features specic to its intended educational use.
In Newton users do not interact with Maple directly and need know nothing of
Maple’s syntax and command structure. Mathematical operations are selected from
menus and plots are generated from dialog boxes. This menu-driven approach to com-
puter algebra was pioneered by Derive (Rich et al., 1988). Newton also provides a
syntax-directed math editor which allows easy input and modication of two-dimensional
expressions using either palettes or keyboard. While two-dimensional editing is supported
in a limited number of commercial applications including MathCAD (MathSoft, 1991)
and Theorist (Bonadio, 1990), it is not currently available in either of the dominant
systems in the educational market, Maple and Mathematica.
Newton’s interface is based on the concept of an interactive book. Users can mix
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Figure 1. A Newton worksheet.
text, formulas, and graphics in a document in a free style format that is reminiscent of
MathCAD. However, Newton also allows these objects to be grouped into sections sim-
ilar to the organization of a Mathematica (Wolfram, 1991) notebook. These sections can
be nested and expanded or collapsed as desired. Figure 1 shows a worksheet containing
several collapsed and nested sections, with a section entitled Exercise 2 open.
Our desire in providing this unique combination of features was to create a powerful and
flexible system for authoring interactive electronic documents that was still simple enough
for students to understand and learn quickly. While numerous features are provided to
help in creating worksheets, these features are not required by beginning students working
with the documents. Students can perform signicant tasks very early in courses. In
general, they merely have to point to a formula in a document and select a command
from a menu to plot a function or perform a mathematical operation. The ability to select,
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copy, and paste subexpressions within preauthored documents minimizes the amount of
entry required of students. Our experience has been that students can work condently
with the software after only a 1-hour introductory session.
The interested reader is referred to a recent survey paper (Kajler and Soier, 1994)
for a more detailed discussion and extensive bibliography of human interaction issues in
computer algebra. It is appropriate here to compare Newton with other interfaces to al-
gebra systems. MathScribe (Smith and Soier, 1986; Soier, 1991), a front-end to Reduce
(Hearn, 1987), was the rst such interface designed for a workstation environment. While
MathScribe incorporated a number of signicant innovations including syntax-directed
editing of two-dimensional expressions and the use of editing templates, the system, un-
like Newton, relies on Reduce’s syntax to access the underlying math engine. Calculus
T/L II (Child, 1993), like Newton, is a Macintosh front-end to Maple designed primar-
ily for student use. However, Calculus T/L does not incorporate a math editor and its
mathematical explorations are far more structured pedagogically. Joy of Mathematica
(Shuchat and Shultz, 1994) is another Macintosh front-end. This system allows users to
access the functionality of Mathematica by selecting commands from menus and supply-
ing parameters in dialogs. Joy then produces the appropriate Mathematica command.
As in Newton, the user does not require a familiarity with the syntax and command
structure of the underlying algebra engine. Unlike the other interfaces described here,
however, Joy does not support its own documents and so the user is clearly \in Math-
ematica" at all times. At each interaction with the algebra engine, the Mathematica
command produced by Joy along with the corresponding response from Mathematica
are placed on the user’s worksheet.
While the focus of this paper is on the Newton software, our project also contains a
signicant pedagogic component that is not described here. This work is concerned with
developing materials for teaching mathematics and addressing the issues of how best to
incorporate the computer into the classroom. Newton has been in use at several schools
since 1991. It has been used successfully to teach both semesters of introductory calculus,
as well as an undergraduate course in numerical computational methods, with the aid of
interactive electronic documents. The course in numerical methods has been oered for
the last three years in a laboratory format devoid of traditional lectures.
As a result of our classroom experiences, we have made numerous improvements to the
original version of Newton. These include a complete redesign of worksheets, support
for courses in linear algebra and dierential equations, access to Maple V, Release 3’s
enhanced graphics capabilities, and a facility which allows users to link animations.
We close this section with a brief overview of the rest of the paper. Newton’s ex-
pression editor is described in Section 3. The mathematical functionality of Newton is
discussed in Section 4, where its features are contrasted to those of Maple and similar sys-
tems. A unique pedagogic aspect of our system, the dialogs for techniques of integration
and the chain rule for dierentiation, are described in Section 5. Newly added features
for linear algebra, vector calculus, and dierential equations are presented in Section 6.
Finally, in Section 7 we describe Newton’s plotting and linked animation capabilities.
3. The Expression Editor
Newton’s math editor was influenced by those of two previous systems: Milo (Avitzur,
1988) and MathScribe (Smith and Soier, 1986; Soier, 1991). The editor is syntax-
directed and uses a grammar to check the syntactical correctness of each attempt by the
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Figure 2. Prex entry of the expression
R
ex sinx dx.
user to modify the current expression. Consequently, at each step in the construction of
an expression, the user can be certain that the intermediate expression \makes sense."
No time need be wasted trying to balance parentheses as these are automatically inserted
in pairs, whenever necessary. There is no chance than an operator will have an operand
which is either missing or of an incorrect type.
Another important feature is the editor’s use of modes. At certain times it is convenient
for the user to work in prex mode, selecting rst an operator and then lling in its
operands. This is especially true when using the mouse for data entry. At other times,
the user will nd it more natural to work in inx mode, entering operands and operators
in a left-to-right manner. This mode appeals especially to those who prefer to use the
keyboard for data entry. Because the underlying data structures and parsing algorithms
are identical for both modes, the user is able to switch seamlessly between them at any
time without fear that the resulting expression will be corrupted.
Expressions can be entered by selecting items from palettes with a mouse, by typing at
the keyboard, or any combination of these methods. There are two palettes: the horizontal
palette is used for identiers, numbers, and special constants (e.g.,  and e); the vertical
palette is used to enter operations and functions. When a new expression is started, the
system displays a highlighted question mark. In general, a question mark represents an
as yet undened portion of an expression. A highlighted object signies that the editor is
in prex mode and marks the position on the worksheet where the next editing operation
(from palette, keyboard, or cut/copy/paste) will be applied. To enforce the rules of the
underlying grammar that the editor uses, only syntactically valid subexpressions may be
highlighted.
Figure 2 shows how the expression
R
ex sinxdx can be entered in prex mode. Notice
that the editor automatically moves to the next unspecied eld in the expression as
each item is lled. In Figure 3, the expression 2x2 + 3(x − 5) is entered in an inx
fashion. Nothing is highlighted when the editor is in inx mode and a vertical bar is
used to indicate the current insertion point in the expression. The space bar can be used
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Figure 3. Inx entry of the expression 2x2 + 3(x− 5).
at any time to box the scope of the current insertion point; repeated spaces are used
to increase this scope. As can be seen from these examples, there is not really a sharp
distinction between the two modes of expression entry and editing. The user is free to
switch back and forth between these styles whenever desired. In some cases the switch is
automatic. For example, the editor switches to inx mode whenever an expression is seen
as \complete"; the editor switches to prex mode whenever there is an undened eld
in the expression. The user can force the editor to toggle modes by pressing the accent
key. The arrow keys are used to move around the expression.
Much eort also went into the \pretty printing" aspect of the editor. In addition to
presenting expressions in a two-dimensional format, every attempt was made to insure
that expressions are logically organized and cleanly drawn. Formulas are displayed using
conventions similar to those employed in mathematical typography. For example, the
grammar does not require parentheses around the arguments to built-in functions when
no ambiguity results. Thus sinx2 is permitted, but parentheses are required in sin(x+y)
to distinguish it from sinx + y. In a similar fashion, powers of trigonometric functions
can be written with the notation generally seen in texts; e.g., sin2 x can be entered in
place of the more cumbersome (sinx)2. In this regard, arcsinx is used to represent the
inverse sine of x as sin−1 x means 1= sinx.
4. Mathematical Functionality
The user of Newton has available all of the mathematical functionality in Maple’s
standard library. While commonly used library functions, like absolute value and inte-
gration, are placed directly in expressions using the editor, most operations are accessed
through commands in menus. A great deal of eort was spent to collapse a large number
of library functions into a small number of menu items that would be easy and meaningful
for students to work with. These include the following:
 applying basic algebraic and trigonometric identities,
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 expanding products and powers,
 computing rational normal forms,
 factoring (both full factorizations and removing the greatest common divisor from
a sum),
 expanding into partial fractions and performing long division,
 completing the square,
 solving equations and sets of equations,
 manipulating equations (including isolating subexpressions and applying algebraic
operations to both sides).
Our experience with using the system has shown that students of calculus seldom, if
ever, require Maple operations which are not available in menus. If they want to use
one, however, the names of Maple library functions can be inserted into expressions with
the editor in the same way that user-dened and unspecied functions are written. For
example, if gcd(x3 − 1; x2 − 1) is included in an expression, the greatest common divisor
will be evaluated automatically when the expression is sent to Maple.
The partial fractions command provides a good example of how Newton diers from
Maple and other algebra systems in terms of accessing and applying mathematical opera-
tions. To obtain the partial fraction expansion of 1=(x2−1) in Maple, the user must enter
the command convert(1/(x^2-1),parfrac,x). The use of convert (an overworked op-
eration in Maple) and parfrac is awkward, and the expansion variable must be specied
explicitly. In Newton, the user simply selects the Partial Fractions command from a
menu. If this command is applied instead to the expression 1=(x2 − y2), Newton dis-
plays a dialog box that prompts the user to enter the variable with respect to which the
expansion is to take place. Moreover, polynomials of functions are treated in the same
way as polynomials of variables. Thus the Partial Fractions command when applied to
1=(sin2 x− 1) produces the result 12 1sin x−1 − 12 1sin x+1 without intervention from the user.
Throughout the system, polynomials of functions are treated in the same manner as
polynomials of variables whenever possible. This has proven to be a nice way to provide
a good deal of mathematical functionality in an orthogonal fashion with a simple user
interface. Special care was also taken with regard to the exponential function. While
Maple will happily factor sin3 x− 1 into (sinx− 1)(sin2 x+ sinx+ 1), it will not factor
e3x − 1 into (ex − 1)(e2x + ex + 1) without rst expanding e3x − 1 as (ex)3 − 1, factoring
this into (ex − 1)((ex)2 + ex + 1), and then simplifying powers.
Another unique feature of the system is the Change of Variables command. This
operation attempts to perform a true mathematical substitution, replacing all instances
of a variable in the current expression. The user may specify substitutions that go beyond
the purely syntactic transformations supported by the subs and powsubs commands in
Maple. For example, if the current expression is tan7 x= sec5 x and the user species the
substitution sinx = u2, the result is −u14=(u4−1). This change of variables is performed
through a dialog (see Figure 4). Importantly, this dialog remembers the substitution and
can be used later to perform a back substitution. Doing so with −u14=(u4− 1) results in
− sin7 x=(sin2 x− 1), which is mathematically equivalent to the original expression.
Another useful feature of Newton is the ability to convert trigonometric and hyper-
bolic functions from one basis to another. Although such conversions are widely used in
introductory calculus, this functionality is not easily available in other computer alge-
bra systems. Continuing the preceding example, − sin7 x=(sin2 x−1) can be transformed
back to tangents and secants using the dialog that appears when the Trig/Hyperbolic
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Figure 4. Performing the change of variables sin x = u2 on the expression tan7 x= sec5 x.
Forms menu item is selected. The expression which results is − tanx=(sec5 x(tan2 x −
sec2 x)).
Newton also allows each of the Pythagorean relations for trigonometric and hyper-
bolic functions to be applied in either of two directions. A dialog box for this pur-
pose is obtained when the Pythagorean Relations command is chosen. The relation
sec2 x− tan2 x = 1 can be used to reduce tangents to secants or secants to tangents. In
our example, highlighting the subexpression tan2 x−sec2 x and applying either reduction
will get us back to tan7 x= sec5 x. Note, however, that the command will not achieve the
desired result if applied to entire expression since it will remove the highest even power
present.
A potential problem with Maple is that its automatic simplication rules always dis-
tribute numbers into sums whenever products of monomials appear in a result. For
example, 4(x+1) is always simplied to 4x+4. This means that although Maple’s kernel
will correctly factor 4x+ 4, the autosimplier forces the system to return 4x+ 4 as the
answer to the command factor(4*x+4). A second example of this phenomenon can oc-
cur when Taylor series are converted to polynomials. The third degree Taylor polynomial
for 1=(x + 1) when expanded about x = 1 is 12 − 14 (x − 1) + 18 (x − 1)2 − 116 (x − 1)3.
Maple will automatically simplify the monomial portion of this expression to give 34 −
1
4x +
1
8 (x − 1)2 − 116 (x − 1)3. This result obscures the structure of the coecients and
the powers. Many of the commands in Newton circumvent these diculties by using
Maple’s null function to force parentheses where desired.
Another diculty in using Maple, and most other algebra systems as well, is the
problem of multiplying (or dividing) both the numerator and denominator of a quotient
by the same quantity. When the user tries to do this in the natural way, automatic
simplication immediately causes the cancellation of the identical factors and no progress
is made. Thus the conjugates of expressions like 1=(1 +
p
2) and 1=(1 − i) cannot be
obtained simply by multiplying through by 1 − p2 and 1 + i, respectively. Newton
provides a solution to this problem through its Multiply/Divide Fraction command,
which can be selected whenever the current expression is a quotient. Using a dialog, the
user species the quantity that is to be multiplied (or divided) through the quotient.
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The products in the numerator and denominator are expanded separately, and then the
quotient is simplied. This procedure almost always produces the desired result.
The discussion here has concentrated primarily on the algebraic capabilities of New-
ton. The system also incorporates dialogs for many of the numerical computational
techniques studied in introductory calculus and numerical analysis courses including root
nding (e.g., Newton’s method, bisection) and the calculation of denite integrals (e.g.,
trapezoidal rule, Simpson’s rule), as well as commands for interpolating polynomials and
obtaining least squares ts.
5. Interactive Dialogs for Calculus
Computer algebra systems have generally been designed to give answers rather than
to show how these results are obtained. One of our goals in designing Newton was
to produce a system that could be used not only to get answers, but also as a tool to
illustrate the concepts and steps involved in getting to the answers. Thus while one can
obtain solutions to limits, derivatives, and integrals using the underlying Maple algebra
engine, it is also possible to work through such problems in a step-by-step fashion with
the computer supplying the more mundane and error-prone portions of the computation.
For example, a student can evaluate ddxx
3 by rst transforming the derivative to a
limit, limx!0
(x+x)3−x3
x , using the Denition of Derivative command under the
Di menu. The power in the numerator can then be multiplied out with the Expand
Products command, and the xs in the numerator and denominator cancelled using Nor-
malize. Finally, the limit is evaluated to obtain the answer, 3x2. In order to perform
such calculations, Newton maintains limits, derivatives, integrals, and sums in uneval-
uated form when communicating with Maple unless the user explicitly requests their
evaluation.
When working through problems in such a step-by-step fashion, Newton always
checks to make sure that the rules selected apply to the problem at hand. For exam-
ple, the limit of a quotient can be written as a quotient of limits if (1) the limits of both
the numerator and denominator are nite and (2) the limit in the denominator is not
zero. Therefore, Newton will not allow this transformation to be applied to limx!0 sin xx ,
although the Maple student package incorrectly performs such expansions. The user can,
however, transform this limit to limx!0 cosx using the L’Hopital’s Rule command
since it is a 0=0-type indeterminate form.
Perhaps the most intriguing feature of Newton is the interactive dialog boxes that it
provides for several important computational methods taught in introductory calculus.
The system currently supports dialogs for integration by parts, by simple substitution
and by trigonometric substitution, and for dierentiation using the chain rule.
Whenever the current object on the worksheet is an integral, one of the integration
dialogs can be applied in an attempt to obtain a closed form solution. Suppose the user
wants to apply integration by parts to solve
R
x cosxex dx. Selecting this method from
the Int menu causes a dialog box to appear (see Figure 5). The user is rst asked to
partition the integral as
R
u dv by supplying a value for u. To work around the limitations
of the small screen size on some Macintoshes, the integral is displayed in a \whiteboard"
area within the dialog. The user can copy portions of the integrand from the whiteboard
and paste them into the slot for u. Alternatively, the expression editor can be used to
enter u. After specifying u, the user clicks on the button labelled \Find du,dv", and the
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Figure 5. The integration by parts dialog box.
Figure 6. Using the integration by parts dialog to solve
R
x cosxex dx.
system responds by computing these quantities and placing them in the whiteboard. The
user must now enter a value for v (see Figure 6).
For
R
x cosxex dx, if u = x then dv = cosxex dx. In this case, the integral of dv is not
immediately evident. The user will want to copy the value of dv from the whiteboard and
compute v on a new worksheet again using integration by parts. To avoid clutter on the
screen and to mark one’s progress in a computation, the integration by parts dialog can
be \iconized." This reduces the dialog to an icon next to the corresponding integral on the
worksheet. The icon can be moved around by dragging it with the mouse and reopened
by double clicking. After computing v = 12 cosxe
x + 12 sinxe
x the user would reopen the
original dialog, paste in v, and click on the \Check v" button. Newton then obtains the
derivative of v and compares this to dv. If the two are equal, the system reports success
and transforms the original integral by placing uv − R v du on the worksheet. If the two
are unequal, the system reports this fact and the user is free to try another choice for v.
If Maple cannot decide equivalence, the user is given the option of proceeding or not.
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Figure 7. The u-substitution dialog box.
Figure 8. Using the u-substitution dialog to solve
R
arcsin2 xdx.
A similar dialog is available for performing integrals by substitution. Suppose the
user wants to integrate
R
arcsin2 xdx by employing the substitution u = arcsinx. Upon
selecting u-Substitution from the Int menu, a dialog with a whiteboard appears and
the user enters a choice for u (see Figure 7). Clicking \Substitute" causes the system
to calculate du and the transformed integral (see Figure 8). A copy of the transformed
integral,
R
u2
p
1− sin2 u du in this case, appears on the worksheet. At this point the user
would want to \iconize" the dialog since, as with the Change of Variable command
discussed earlier, the dialog box can be used later to invert the substitution. The current
integral can be converted to
R
u2 cosu du using a Pythagorean relation. This new integral
could be solved using repeated integration by parts or by Maple, and has the closed form
u2 sinu−2 sinu+2u cosu. The u-substitution dialog can then be reopened and the \Back
Sub" button pressed to yield the solution to the original integral on the user’s worksheet,
x arcsin2 x− 2x+ 2p1− x2 arcsinx. Incidentally, R arcsin2 xdx is an integral that Maple
206 M. Hayden and E. Lamagna
Figure 9. Using the chain rule dialog to dierentiate d
dx
ln sinx.
V, Release 3, cannot solve on its own. We have found that students enjoy being able to
solve problems like this one that the computer cannot do without their assistance.
In the dialog for the chain rule, the user must rst decompose a derivative of the form
d
dxf(g(x)) by identifying f(u) and g(x). Since this dialog is most useful when students
are learning how to compute derivatives, the system also prompts the user for f 0(u)
and g0(x). At each successive step, the system checks the user’s response for correctness
before continuing to the next stage. As with the other staged dialogs, the button for
entering information changes labels to reflect the state of the dialog. Figure 9 shows how
d
dx ln sinx = cosx= sinx is computed with this dialog.
To help students studying techniques of integration, Newton also contains an intel-
ligent tutor that can present a list of methods which are likely to simplify or solve an
integral. The performance of the tutor on problems in rst-year calculus texts is quite
impressive, and it is also able to assist with many integrals such as
R
arcsin2 xdx that
Maple cannot solve. While the tutor builds upon the work of previous heuristic systems
for integration like Slagle’s SAINT (Slagle, 1961) and Moses’ SIN (Moses, 1967), it diers
signicantly from these programs in several important respects. First, it does not attempt
to actually solve an integral, but rather determines the rst step to take in its solution.
Second, the tutor is able to take advantage of the fact that it can usually obtain solutions
to the integrals from Maple. For example, it employs a clever test for determining the
applicability of integration by parts by comparing each term in the answer (a candidate
for uv) with the integrand (which must be u dv). Finally, the scoring methods used for
determining whether or not a potential solution will lead to success are more thorough
than those employed in earlier systems. The heuristics used by the tutor are described
in some detail in Cingiser and Lamagna (1992).
6. Linear Algebra, Vector Calculus, and Dierential Equations
Features have recently been added to Newton for linear algebra, vector calculus, and
dierential equations. The intent has been to include pedagogic support for all topics
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Figure 10. Dialog for manual row reduction.
typically covered in elementary courses on these subjects, as well some advanced topics.
Our goal in designing these extensions was in keeping with the spirit of the earlier work
on calculus, that is, to support the notations commonly used in teaching and to provide
mathematical functionality through menus and dialogs.
A new level of the vertical palette was added to extend the expression editor. Fre-
quently used vector operators including dot and cross products, divergence, curl, and
gradient are entered by clicking on the appropriate button in the palette. Similarly,
buttons are provided for matrix operations such as the inverse, transpose, determinant,
adjoint, and trace. Other matrix and vector operations almost never appear in mathe-
matical expressions and are invoked through menu commands. Examples include vector
and scalar potentials, spanning set operations (e.g., basis, null space), and the calculation
of eigenvalues and eigenvectors.
To enter a vector or matrix, one selects the appropriate button in the vertical palette.
A dialog box then appears in which the user species the dimensionality of the vector or
the number of rows and columns in the matrix, and whether the elements will be entered
manually or generated according to some rule. For manual entry, a vector or matrix of
the proper size is placed on the worksheet with a template question mark to be lled in
for each element. Alternatively, the user can specify a function of the indices that is used
to generate the elements. Other options in the dialog can be used to obtain an identity
matrix or a matrix with random entries.
The study of linear systems and their solution is at the heart of the rst course in linear
algebra. Newton provides three alternative representations for linear systems: (1) a set
of linear equations, (2) a product of a matrix and a vector, and (3) an augmented matrix.
The software can convert systems expressed in any one of these representations to either
of the others. Commands are also provided to transform a matrix to row echelon and
reduced row echelon form. Alternatively, users can step through the Gaussian elimination
procedure by applying row operations, pivoting, and back substitution. A special dialog is
available for applying a sequence of elementary row operations to a matrix (see Figure 10).
The current form of the matrix is shown in a \whiteboard" and may be saved on the
worksheet at any time. The user can also undo the last operation after seeing the result.
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An interesting issue arose in implementing the interface for vector calculus. The compu-
tation of most vector operations like gradient, divergence, curl, and the Laplacian depends
on the coordinate system used: Cartesian, cylindrical, or spherical. The Maple command
for computing the divergence of the vector eld h2r2; sin ; z3i in cylindrical coordinates
is diverge([2*r^2,sin(theta),z^3],[r,theta,z],coords=cylindrical). Both the
coordinate system and the names of the coordinate variables must be specied explicitly.
(The default coordinate system is Cartesian, but the coordinate variables still must be
specied.) This distinction, however, is not generally made in mathematical notation;
e.g., the divergence of the vector eld F is written divF or r  F. The coordinate sys-
tem and variables are not mentioned explicitly but are inferred from the context of the
problem. We have taken a similar approach in Newton. The current coordinate system
is set using a dialog for this purpose. Default coordinate variables are provided (e.g.,
r; ; z for cylindrical coordinates), but these may be overridden if the user chooses. This
information is used to supply appropriate parameters whenever vector commands are
sent to Maple for evaluation.
Extensions have also been incorporated for the study of ordinary dierential equa-
tions and systems of such equations. The familiar prime notation may be used to enter
derivatives on a worksheet (e.g., y00(x) for the second derivative of y with respect to x).
Maple’s dsolve command can be invoked through menu items to obtain exact, numeric,
or series solutions. Dialogs are available to access routines in Maple’s DEtools package
for graphing solution curves, eld plots, and phase portraits. In keeping with our phi-
losophy of not just providing answers but also allowing users to step though solutions,
Newton has pedagogic support for most of the techniques studied in an elementary
course on dierential equations. This includes separation of variables, integrating factors,
and Laplace transforms. With regard to numerical solutions, students can study Euler’s
method and various Runge{Kutta methods, comparing and contrasting the results they
achieve.
7. Plotting and Animation
Newton currently incorporates the graphical capabilities of Maple V, Release 3. This
includes graphing functions of one and two variables using a wide variety of plotting op-
tions. Plots are returned in a plot window where attributes such as plot style, axes,
color, and projection can be changed interactively. The coordinates of a point in a
two-dimensional plot can be found by clicking on the point; three-dimensional plots
may be rotated using the mouse. Newton also provides access to Maple’s two- and
three-dimensional animation facilities. All plots and animations can be saved on work-
sheets.
This section describes two features of Newton which improve upon the standard
Maple graphics. One is the use of dialog boxes to generate appropriate Maple plot com-
mands. The other is a feature which allows several animations to be linked together so
they can be played in a synchronized fashion.
7.1. plotting and animation dialogs
The production of graphics in Newton is made easier by hiding the complexity of the
necessary Maple commands from the user. The function to be graphed is obtained from
the worksheet and all information needed to build the appropriate Maple plot command
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Figure 11. Short dialog for an animated Cartesian plot.
Figure 12. Extended dialog for animated Cartesian plots.
is gathered from a dialog box. Dialog boxes are provided for two- and three-dimensional
plots and animations.
Figure 11 shows a dialog box used to create a two-dimensional animated Cartesian
graph. This dialog contains a popup menu with all variable names in the formula. A
user simply chooses which variable serves as the x-axis variable, and adjusts its range
if desired. The same can be done for the animation variable. There is a eld for the
graph name and another for entering the number of intervals to be used in creating the
animation. The number of frames will be one more than the number of intervals specied.
For example, dividing the range 0  t  1 into four intervals results in ve frames at
t = 0; 0:25; 0:5; 0:75; 1. It was felt that this was a more intuitive way of dividing the range
of the animation variable. Choosing the button labeled \More Options" has the eect of
increasing the size of the dialog, revealing less frequently used options including style,
scaling, axes, and size (see Figure 12).
By using the dialogs, users avoid having to write complex Maple plot commands.
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Figure 13. Dialog for producing an animated parametric plot.
Compare, for example, the dialog in Figure 13 with the Maple code required to produce
the same two dimensional parametric animation:
display([seq(plot([cos(t),sin(t),t=0..2*Pi*numIntervals/16],style=LINE,
scaling=CONSTRAINED,axes=FRAME),numIntervals=0..16)],insequence=true);
7.2. linked animation
Many symbolic algebra systems support the simple animation of the graph of a func-
tion, but we have taken this idea one step further. Newton allows two or more anima-
tions to be linked together so that they can be played simultaneously. Linked animation
is a versatile tool for demonstrating visually the relationship between several quantities.
Calculus is the study of change. We usually measure change with respect to time, but
time cannot be drawn in a textbook or on a blackboard. With a computer, however, a
temporal relationship can be demonstrated visually. Users can see the shape of a graph
change as one of its parameters varies and observe how this change aects other graphs.
Linked animation utilizes an easel, a rectangular region of the screen containing one
or more animated graphs. Each animated graph is a QuickTime movie with standard
QuickTime movie controls allowing it to be manipulated separately. The easel itself has
a play button and a slider that apply to all of its animated graphs. Moving the easel’s
slider causes all the graphs to move to their corresponding frames; the play button causes
them to play in a synchronized fashion. It is not necessary for all animations to contain
the same number of frames. Because of this, it is possible to generate an animation
with a large number of frames for a function that changes rapidly, and pair it with an
animation that is adequate with fewer frames. When the easel’s slider is moved, each of
the animations will go to the most closely associated frame. This process is quite smooth,
and allows the user to move the easel’s slider back and forth rapidly without a distracting
lag between updates.
The linked animation facility can be used to illustrate important concepts in calculus.
A simple example involves the variation in the volume under a surface as the surface itself
changes. Figure 14 shows three pictures of an easel with the slider in dierent positions.
The easel contains two movies. The rst is an animation of a three-dimensional plot of
a parabolic surface with the equation z = 80 − [(x=t)2 + (y=t)2 + 5t]. The shape of the
parabolic surface varies with the value of t, and t changes for each frame of the animation.
Because of the nature of the dening equation, the surface will both flatten and move
closer to the xy-plane as t increases. These two behaviors have opposite eects on the
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Figure 14. Three views of an easel containing an animation of a surface and another of the volume
under the surface.
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volume under the surface, and it is interesting to observe the shape of the surface when
the volume reaches a maximum.
Newton’s handling of parametric plots is also novel and not directly supported by
Maple. Although other mathematics packages allow the animation of parametric plots,
they usually do so in such a way that each frame in the animation consists of a com-
plete plot for the entire range of the parametric variable. Newton is able to generate
animations that show the progress of the function as the parameter changes. For both
two- and three-dimensional curve plots, the user will see the curve grow as the param-
eter increases. This facility, in combination with linked animation, provides a powerful
visualization tool.
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